ABSTRACT. It has been proved by Tôru Saitô that a semigroup S is a semilattice of left simple semigroups, that is, it is decomposable into left simple semigroups, if and only if the set of left ideals of S is a semilattice under the multiplication of subsets, and that this is equivalent to say that S is left regular and every left ideal of S is two-sided. Besides, S. Lajos has proved that a semigroup S is left regular and the left ideals of S are two-sided if and only if for any two left ideals
Introduction and prerequisites
Decomposition of semigroups into left simple subsemigroups has been considered by Tôru Saitô who proved that a semigroup S is a semilattice of left simple semigroups if and only if S is left regular and every left ideal of S is two-sided. He moreover proved that this type of semigroups are the semigroups in which the set of left ideals is a semilattice under the multiplication of subsets [7] . On the other hand, S. Lajos has proved that a semigroup S is left regular and its left ideals are two-sided if and only if for every left ideals [6] . The right analogue of the above results also hold, leading to characterization of semilattices of groups in terms of left and right ideals. The aim of the present paper is to examine the results given by Saitô in [7] in case of ordered semigroups, that is, for semigroups with an order relation, the multiplication being compatible with the ordering. Based on Theorem 6 of the present paper, the results in [7] can be generalized in case of ordered semigroups considering that each semigroup endowed with the equality relation ≤ := (x, y) | x = y is an ordered semigroup.
For an ordered semigroup (S, ·, ≤) and a subset H of S, we denote by (H] the subset of S defined by:
For an element a of S we denote by N (a) the filter of S generated by a and by N the relation on S defined by N :
A is called an ideal of S if it is both a left and a right ideal of S. For an element a of S, we denote by L(a) (resp. R(a)) the left (resp. right) ideal of S generated by a and by I(a) the ideal of S generated by a. We have 
respectively. An ordered semigroup (S, ·, ≤) is called left (resp. right) regular if for every a ∈ S there exists x ∈ S such that a ≤ xa 2 (resp. a ≤ a 2 x). One can easily see that S is left (resp. right) regular if and
Recall that if σ is a complete semilattice congruence on S then, since a ≤ a, we have (a, a 2 ) ∈ σ. So a complete semilattice congruence on S can be also defined as a congruence σ on S such that (ab, ba) ∈ σ and a ≤ b implies (a, ab) ∈ σ for every a, b ∈ S. An ordered semigroup S is called left simple if S is the only left ideal of S, that is, if L is a left ideal of S, then L = S. An ordered semigroup S is called a semilattice of left simple semigroups (resp. complete semilattice of left simple semigroups) if there exists a semilattice congruence (resp. complete semilattice congruence) σ on S such that the σ-class (x) σ of S containing x is a left simple subsemigroup of S for every x ∈ S. An ordered semigroup S is a semilattice of left simple semigroups if and only if there exists a semilattice Y and a family {S α | α ∈ Y } of left simple subsemigroups of S such that
In ordered semigroups the semilattice congruences are defined exactly as in semigroups (without order) so the two definitions are equivalent.
An ordered semigroup is a complete semilattice of left simple semigroups if and only in addition to (1), (2) and (3) above, we have the following:
A subsemigroup T of an ordered semigroup (S, ·, ≤) is called left simple if the set T with the multiplication · and the order ≤ of S is a left simple semigroup. That is, for every left ideal A of (T, ·, ≤), we have A = T .
Instead of saying "ordered semigroups which are semilattices of left simple semigroups" we could briefly say "semilattices of left simple ordered semigroups". 
Main results

Ä ÑÑ 1º
Ì ÓÖ Ñ 6º Let (S, ·, ≤) be an ordered semigroup. The following are equivalent:
(1) S is a semilattice of left simple semigroups.
(5) S is left regular and every left ideal of S is two-sided.
L is a complete semilattice congruence on S.
(8) S is a complete semilattice of left simple semigroups.
P r o o f. (1) =⇒ (2). Let σ be a semilattice congruence on S such that (x) σ is a left simple subsemigroup of S for every
Since σ is a semilattice congruence on S, we have (ab, ba) ∈ σ, i.e. (ab) σ = (ba) σ , so ba, ab ∈ (ba) σ . Since (ab) σ is a left simple subsemigroup of S, by Lemma 2, there exists
. Let now L be a left ideal of S and let c ∈ S. Since c ∈ (c) σ and (c) σ is a subsemigroup of S, we have c 2 ∈ (c) σ . Since c 2 , c ∈ (c) σ and (c) σ is left simple, by Lemma 2, there exists
(5) =⇒ (6). Since S is left regular, by Lemma 3, S is intra-regular. Then, by Lemma 4, we have N = I. Moreover, we have I(a) = L(a) for every a ∈ S. In fact, let a ∈ S. Since L(a) is a left ideal of S, by hypothesis, L(a) is an ideal of S. Since L(a) is an ideal of S containing a and I(a) is the ideal of S  generated by a, we have I(a) ⊆ L(a) . On the other hand,
Hence we obtain N = I = L.
(6) =⇒ (7). By Lemma 5, N is a complete semilattice congruence on S. Then, by (6) , L is a complete semilattice congruence on S, as well. (7) =⇒ (8). Let a ∈ S. Since L is a complete semilattice congruence on S, it is enough to prove that (a) L is a left simple subsemigroup of S. In fact: First of all, since L is a semilattice congruence on S, (a) L is a subsemigroup of S.
We put x := ub and we have c ≤ ub
Since L is a complete semilattice congruence on S and c ≤ xb
. This is obvious.
Remark 7º
The right analogue of Theorem 6 also holds.
By (1) =⇒ (2) . Let σ be a semilattice congruence on (S, ·) such that (x) σ is a left simple subsemigroup of (S, ·) for every x ∈ S and let L 1 , L 2 and L be left ideals of (S, ·). We endow (S, ·) with the equality relation ≤: = (x, y) | x = y . Then (S, ·, ≤) is an ordered semigroup, σ is a semilattice congruence on (S, ·, ≤) and ((x) σ , ·, ≤) is a left simple subsemigroup of (S, ·, ≤) for every x ∈ (S, ·, ≤). Moreover, the sets L 1 , L 2 and L are left ideals of (S, ·, ≤). By Theorem 6 (1) =⇒ (2) 
